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OSCILLATION OF SOLUTIONS TO NEUTRAL 
DELAY DIFFERENTIAL EQUATIONS 
I . KlJBIACZYK* — S. H . SAKER** 
(Communicated by Michal Feckan) 
ABSTRACT. Our aim in this paper is to give some new sufficient conditions for 
oscillation of all solutions of first order neutral delay differential equations. Our 
results extend and improve some well-known results in the l i terature . We discuss 
a number of carefully chosen examples which clarify the relevance of our results. 
1. Introduction 
In recent years the literature on the oscillation theory of neutral delay differ-
ential equations is growing very fast. It is relatively a new field with interesting 
applications in real world life problems. In fact, the neutral delay differential 
equations appear in modelling of the networks containing lossless transmission 
lines (as in high-speed computers where the lossless transmission lines are used 
to interconnect switching circuits), in the study of vibrating masses attached 
to an elastic bar, as the Euler equation in some variational problems, theory of 
automatic control and in neuromechanical systems in which inertia plays an im-
portant role (see H a l e [16], D r i v e r [8], B r a y t o n and W i l l o u g h b y [5], 
P o p o v [23], and B o e and C h a n g [4] and the references cited therein). 
In this paper we shall consider the following first order neutral delay differ-
ential equation with variable coefficients, 
^ [x(t) - P(t)x(t - T)} + Q(t)x(t - a) = 0 , t ^ t 0 , (1.1) 
åt 
where 
P,Q eC([tQ,oo),R+), <r,r G [0,oo). (1.2) 
By a solution of equation (1.1) on [t1,oo) w
re mean a function x G 
C([/0 — O, 00), M) such that x(t) — P(t)x(t — T) is continuously differentiable on 
[l0, 00) and such that equation (1.1) is satisfied for t^toy where p = max{cr, r } . 
2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n - Primary 34K11, 34K40. 
K o j w o i d s : oscillation, neutra l delay diffeicntial equation. 
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Let tľ ^ t0 be a given point and let 
фєCfa-frt^Щ (1.3) 
be a given initial function such that 
x(t) = ф(t) for í є f t - p - í j . (1.4) 
The initial value problem (1.1), (1.4) has a unique positive solution for all t > tг. 
This follows rather easily by the method of steps. 
As usual, we say that equation (1.1) is oscillatory if every solution of (1.1) 
is oscillatory, i.e., for every initial point tx ^ t0 and for every initial function 
ф Є Ctøţ—/?,£-_],R) the unique solution of (1.1) and (1.4) has arbitrarily large 
zeros. Òtherwise the solution is called non-oscillatory. The oscillation of various 
functional diíferential equations has been investigated by several authors. For 
some contributions we refer to the monographs [1], [2], [3], [11], [15], [20]. 
The first systematic work about oscillation of neutral delay differential equa-
tions is given by Z a h a r i e v and B a i n o v [26]. For the oscillation of equa-
tion (1.1) when P(t) and Q(t) are constants, we refer to the articles by L ad as 
and S f i ca s [19], G r a m m a t i k o p o u l o s etal . [12] and Z h a n g [27] and 
the references cited therein. When P(t) is a constant we refer to the articles by 
G r a m m a t i k o p o u l o s , G r o v e and L a d a s [14] and Z h a n g [27] and the 
references cited therein. For the oscillation of equation (1.1) we refer to the fol-
lowing results. G r a m m a t i k o p o u l o s etal. [13] considered the delay differ-
ential equation (1.1) and presented some finite sufficient conditions for oscillation 
of all solutions when P(t) takes some values in the interval [0,1]. C h u a n x i 
and L a d a s [7] considered the neutral delay diíferential equation (1.1) and 
established new sufficient conditions for oscillation of all solutions under less re-
strictive hypotheses on P(t). All the above mentioned papers give the oscillation 
conditions for equation (1.1) when P(t) < 1 and 
oo 
í Q(s) ds = oo. (1.5) 
Yu, W a n g and C h u a n x i [25] considered equation (1.1) when P(t) = 1 and 
relaxed condition (1.5) to the condition 
oo oo 
ísQ(s) íQ(u) duds = oo. (1.6) 
io s 
In fact, C h e n , Yu and H u a n g [6] observed that for (1.1), it is sufficient to 
have a point t* so that 
P(ť + kт)<l, k = 0,1,2,... (1.7) 
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without the assumptions (1.5) and (1.6). They compared the oscillation of (1.1) 
with the absence of positive solutions of the inequality 
- [y(t) - y(t - T)] + Q(t)y(t - a) < 0, t^ t0 , (1.8) 
under the condition 
P(t-a)Q(t)<Q(t-T). (1.9) 
However, most of the results in the literature involve conditions depending sep-
arately on Q sufficient for oscillation of (1.1) and conditions on P which allow 
extensions of arguments used in the case where P(t) = 1 as in Y u , W a n g 
and C h u a n x i [25]. 
The purpose of this paper is to give some new oscillation criteria of equa-
tion (1.1). The paper is organized as follows: In the next section, we present 
some new sets of sufficient conditions which guarantee oscillation of all proper 
solutions of the delay differential equation (1.1), and show that the combined 
growth of P and Q without condition (1.9) can give oscillation criteria for equa-
tion (1.1) even when (1.5) and (1.6) fail. In Section 3, we discuss a number of 
carefully chosen examples which clarify the relevance of our results. 
In the sequel, when we write a functional inequality we will assume that it 
holds for all sufficient large values of t. 
Before stating our main results we need the following lemma. 
LEMMA 1.1. ([6]) Assume that (1.2) holds, 
P(t)>0 and P ( * * + i r ) < l for i = 0 , 1 , 2 , . . . . (1.10) 




2. Main results 
In this section, we will establish several new sharp sufficient conditions for 
the oscillation of all solutions of equation (1.1). 
THEOREM 2 . 1 . Assume that (1.2) and (1.10) hold, then either 
t 
liminf f Q(s) ds > - (2.1) 
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t 
limsup / Q(s) ds> 1 (2.2) 
t->oo J 
t-a 
implies that every solution of equation (1.1) oscillates. 
P r o o f . Without loss of generality, we assume that equation (1.1) has an 
eventually positive solution x(t). Let y(t) be defined by (1.11), then from (1.1) 
we have 
y'(t) = -Q(t)x(t - a) 
= ~Q(t) [y(t -a) + P(t - a)x(t -T-a)} 
= ~Q(t)y(t -a)- Q(t)P(t - a)x(t -T-a) 
= -Q(t)y(t -a) + Q^jP(t - °)y'(t - T) . 
Hence, 
By Lemma 1.1, we get 
У'{t) ~ Q T - Г ) P { І ~ 0)У'{t ~T) + Q{t)y{t ~a)~°- (2-3) 
y(t)>0, t>.tx>.t0. (2.4) 
Set 
Then, (2.3) reduces to 
Q(t) 
\(t) = \(t - T) -P(t-a)expí I \(s)ds\+Q(t)expl f \(s) ás j . 
M - T ' ^t-c ' 
(2.6) 
It is obvious that X(t) > 0 for t ^ tQ. From (2.6) it is clear that 
o \(t) > Q(t)exp / \(s) ds . (2.7) ^ t-a ' 
Then, from (2.5) and (2.7), one can see that y(t) is positive solution of the delay 
differential inequality 
y'(t) + Q(t)y(t-a)<0. 
Then, by [15; Corollary 3.2.2], the delay differential equation 
y'(t)+Q(t)y(t-a)=0 (2.8) 
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has an eventually positive solution as well. It is well known that (2.1) or (2.2) 
implies that (2.8) has no eventually positive solution (see, for example, [15; p. 46, 
Theorem 2.3.3] and [15; p. 78, Theorem 3.4.3]). This is a contradiction and so 
the proof is complete. • 
Remark 2.1. It is clear that there exist a gap between conditions (2.1) and 
(2.2) for the oscillation of all solution of equation (1.1). The problem how to fill 





í Q(s) ds (2.9) 
does not exist has been recently investigated by several authors [10], [18], [17], 
[9], [21], [24] and [22]. In view of the respective works presented in [10], [18], [17], 
[9], [21], [24] and [22] and the fact that every solution of equation (1.1) oscillates 
when (2.8) has no eventually positive solution one can give several sufficient 
conditions for oscillation. The details are left to the reader. 
In the following theorem we present new infinite integral sufficient condition 
for oscillation of all solutions of equation (1.1) which improve conditions (1.5) 
and (1.6). 







dř = oo. (2.11) ! Q(t) In ! Q(s)ds + 1 
t0 L t 
Then every solution of equation (1.1) oscillates. 
P r o o f . Without loss of generality, we assume that equation (1.1) has an 
eventually positive solution x(t). Let y(t) be defined by (2.1), then from Theo­
rem 2.1, y(t) is positive solution of the delay differential equation 
y'(t) + Q(t)y(t-a)=0. (2.12) 
As X(t) = —y'fy/y^), then X(t) is non-negative and continuous, and there 
exists tx > t0 such that y(tx) > 0, and y(t) = y(tx) expf— J X(s) dsj . Fur-
ti 
thermore X(t) satisfies the generalized characteristic equation 




Л(í) = Q(t) exp W)m Iл(s) ds 
t-a 
t-a 
Interchanging the order of integration, we find that 
N , t v IV-cr , t+a v 
jQ(t)[ ! X(s)ds\dt> f X(t)l J Q(s)ds\ dt. 
T M-cr ' T ^ t ' 
Hence 
LV IV-cг / t+a 
ľx(t)A(t)dt- ľ X(t)l í Q(s)ds) dt 
T T ^ t ' 
N IV t 
ľ X(ť)A(ť) dt- ľ Q(t) ľ X(s) dsdt. 
T T t-a 
Combining (2.15) and (2.16), it follows that 
IV N-a / t+a x IV 
(2.13) 
t+a 
where A(t) = J Q(s) ds. By using the inequality (cf. [11; p. 32]) 
t 
erx > : r + l n r + 1 for all z , r > 0 , (2.14) 
r 
we have from (2.13) that 
t 
A(t)X(t) - Q(t) ( X(s) ds > Q(t)[\nA(t) + 1} . 
t-a 
Then for N > T, 
IV IV t IV 
[ X(t)A(t)dt- j Q(t) j X(s)dsdt> I Q(t)[\nA(t) + l] dt. (2.15) 
(2.16) 
JV i\ —o / i-\ro \ iv 
f\{t)A{t)dt- í X(t)l f Q(s)ds\ dt> íQ{t)[\nA{t) + l]dt. (2.17) 
T T \ t ' T  
Integrating equation (2.12) from t to t + a we have 
t+a 
y(t + a)- y(t) + J Q(s)y(s -a)ds = 0. 
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Then 
t+a t+a 
y(t) > f Q(s)y(s - a,) ds > y(t) f Q(s) ds, 
t t 
which implies that 
t+a 
A(t)= [ Q(s)ds<l. (2.18) 
t 




/ Л(í) d í > ! Q(ť)[\ъA(t) + l] dí , 
ln 
N 
У(N - a) 
У(Ю 
т 
> íQ(t)[ìïiA(t) + l] dt. (2.19) 
In view of (2.11), we have 
l i m ^ ^ = 0 0 . (2.20) 
t->oo y(t) v ; 
t+a 
Because of d < liminf J Q(s) ds there exists a sequence {tk}, tk -+ oo as 
k -> co, and there exist £k G {tk—&,tk) for every k such that 
Cfc tk 
f Q(s) ds ^ - | and f Q(s) ds ^ - | . (2.21) 
tk-v Cfc 
Integrating both the sides of equation (2.12) over the intervals [tk,Ck\
 an(^ 
[C^/c+^l, we have 
Cfc 




y(tk + a)- y((k) + j Q(s)y(s - a) da = 0. (2.23) 
Cfc 
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У(h) + (Ck - o) < 0 and - y(Ck) + ţy(tk) < 0, 
which implies that 
»«.) <-& 
This contradicts (2.20) and completes the proof. 
Note that the inequality (2.14) can be rewritten as 
ln(er) 
e г x > X + for all x, r > 0 
and then we have the following result. 
COROLLARY 2.1. Assume that (1.2) and (1.10) hold, and 
t+a 
l< j Q(s)ds, 
t 
t+a 
J Q(t)ln( e J Q(s) d_ ] d£-=oo. 
Then every solution of equation (1.1) oscillates. 
COROLLARY 2.2. Assume that (1.2) and (1.10) hold, and 
t+a 
l< J Q(s)ds, 
oo r- / t+a 
JQ(t) expí y ( Q ( s ) d s _ i _ 1 d£ -= oo. 
t0 •-
 N t 
Then every solution of equation (1.1) oscillates. 
P r o o f . The proof is similar to that of Theorem 2.2 by choosing 
t+a N 
il Л ( í ) - ^ e x p 1 
/ Ł"Г< 
exp í / Q(s) ds - -i-
and will be omitted. 
D 
D 
The following theorems improve Theorem 2.1 and Theorem 2.2, which indi-
cate that the oscillation of all solutions of equation (1.1) depend on P and Q. 
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THEOREM 2.3. Assume that (1.2) and (1.10) hold, then either 
t 
liminf f Q(s)P(s - a) ds > ± (2.24) 




limsup / Q(s)P(s -a)ds>l (2.25) 
t-T 
implies that every solution of equation (1.1) oscillates. 
P r o o f . Without loss of generality, we assume that equation (1.1) has an 
eventually positive solution x(t). Then from Theorem 2.1 y(t) > 0 and its 
generalized equation is given by (2.6). From (2.6) one can see that X(t) > Q(t), 
then X(t — T) ^ Q(t — T) , substituting in (2.6) we have 
X(t) > Q(t)P(t - a) exp ( f X(s) ds ] + Q(t) exp ( f X(s) ds j . (2.26) 
M - r ' M-<7 ' 
It is obvious that X(t) > 0 for t ^ t0, and then 
X(t) ^ Q(t)P(t - a) exp ( f X(s) ds ] . (2.27) 
' ť - r 
Then from (2.5) and (2.27) one can see that y(t) is positive solution of the delay 
differential inequality 
y'(t) + Q(t)P(t-a)y(t-T)<0. 
Then, by [15; Corollary 3.2.2], the delay differential equation 
y'(t) + Q(t)P(t - a)y(t - T) = 0 (2.28) 
has an eventually positive solution as well. It is well known that (2.24) or (2.25) 
implies that (2.28) has no eventually positive solution (see, for example, [15; 
p. 46, Theorem 2.3.3] and [15; p. 78, Theorem 3.4.3]). This is a contradiction 
and so the proof is complete. • 
THEOREM 2.4. Assume that (1.2) and (1.10) hold and r ^ a, then either 
t 
liminf / [Q(s)P(t - a) + Q(s)] ds > - (2.29) 
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t 
limsup / [Q(s)P(t -o) + Q(s)] ds > 1 (2.30) 
t-»oo J 
t-o 
implies that every solution of equation (1.1) oscillates. 
P r o o f . Without loss of generality, we assume that equation (1.1) has an 
eventually positive solution x(t). As in Theorem 2.1 from (2.5) and (2.26) one 
can see that y(t) is positive solution of the delay differential inequality 
y'(t) + Q(t)P(t - a)y(t - r) + Q(t)y(t -a)<0. 
Since y'(t) < 0 and r ^ <r, 
y'(t) + [Q(t)P(t - a) + Q(t)]y(t -a)<0. 
Then by [15; Corollary 3.2.2] the delay differential equation 
y'(t) + [Q(t)P(t -o) + Q(t)]y(t -a) = 0 (2.31) 
has an eventually positive solution as well. It is well known that (2.29) or (2.30) 
implies that (2.31) has no eventually positive solution (see, for example, [15; 
p. 46, Theorem 2.3.3] and [15; p. 78, Theorem 3.4.3]). This is a contradiction 
and completes the proof. • 
THEOREM 2.5. Assume that (1.2) and (1.10) hold, and r ^ a. Then either 
t 




limsup / [Q(s)P(s - a)P(s - r - a) + Q(s)) ds > 1 (2.33) 
£-»oo J 
t-o 
implies that every solution of equation (1.1) oscillates. 
P r o o f . Without loss of generality, we assume that equation (1.1) has an 
eventually positive solution x(t). As in Theorem 2.1, from equation (2.6) it is 
obvious that X(t) > 0 for t > t0, and A(£) ^ Q(t), then X(t - r) ^ Q(t - r ) , 
then 
\(t)žQ(t)P(t-cг)exўl í X(s)ds) +Q(í)expí í X(s) ds 
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which guarantees that X(t) ^ Q(t)P(t-a), then A(t-r) ^ Q(t-T)P(t-T-a). 
Substitute in (2.26), we get 
X(t) ^ Q(t)P(t - a)P(t - T - a) exp ( / X(s) ds ) + Q(t) exp j f X(s) ds j 
(2-34) 
and then from (2.6), (2.34) and the fact that T > a, y(t) satisfies the inequality 
y'(t) + [Q(t)P(t - a)P(t -T-a) + Q(t)]y(t - a) < 0. (2.34) 
Then by [15; Corollary 3.2.2] the delay differential equation 
y'(t) + [Q(t)P(t - a)P(t - T - a) + Q(t)]y(t - a) = 0 (2.35) 
has an eventually positive solution as well. It is well known that (2.32) or (2.33) 
implies that (2.35) has no eventually positive solution. Then every solution of 
equation (1,1) oscillates. • 
Remark 2.2. In view of the results established in [10], [18], [17], [9], [21], [24] 
and [22] and the fact that every solution of (1.1) oscillates when each one of 
equations (2.28), (2.31) and (2.35) has no eventually positive solution, we can 
present several other criteria for the oscillation of all solutions of equation (1.1). 
The details are left to the reader. 
Further, similar to Theorem 2.2, we can obtain sufficient conditions for the 
oscillation of (1.1) by using the generalized characteristic equations of (2.28), 
(2.31) and (2.35). In fact, if we set 
P1(t) = Q(t)P(t-a), 
P2(t) = Q(t)P(t-a) + Q(t), 
P3(t) = Q(t)P(t - a)P(t - T - a) + Q(t), 
then respectively we have the following new sufficient conditions for oscillation 
of all solutions of equation (1.1): 
COROLLARY 2.3. Assume that (1.2) and (1.10) hold, and 
t + T 
±< J P^ds, 
t 
dt = oo. 
ĽXJ / LTT 4 
IЛrøҶe I P^s) dsj 
t0 ^ t ' 
Then every solution of equation (1.1) oscillates. 
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COROLLARY 2.4. Assume that (1.2) and (1.10) hold, and 
t+T 
i < j P l v 5 )d8 , 
t 
OO , , t+T 
J P,(i) expf J P,(s) - 1 
t0 *> \ t 
Then every solution of equation (1.1) oscillates. 
COROLLARY 2.5. Assume that (1.2) and (1.10) /io/d, and 
i+cr 
\< j P2(s)ds, 
t 
t+a 
 - ds 1 - 1 > dt = oo. 
uu / iTU K 
IP2(t)lníe I P2(s) ds\ dt = 00. 
t0
 x i 
77ien ever?/ solution of equation (1.1) oscillates. 
COROLLARY 2.6. Assume that (1.2) and (1.10) /io/d, and 
t+o-
j U J P2(s)ds, 
OO • / i+< 






P2(8)-±d8]-l}dt = OQ. 
Then every solution of equation (1.1) oscillates. 
COROLLARY 2.7. Assume that (1.2) and (1.10) hold, and 
t+a 
i < J P3(s)ds, 
t 
OO / Í + ťJ \ 
IP3(t)lnle I P3(s) ds\ dí CO . 
to x i 
Tften every solution of equation (1.1) oscillates. 
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COROLLARY 2.8. Assume that (1.2) and (1.10) hold, and 
t+a 
l< J P3(s)ds, 
t 
Jp3(t)lexp( j p 3 ( 5 ) - i d S J - l l d * = oo. 
Then every solution of equation (1.1) oscillates. 
Remark 2.3. Our results can be extended to the more general equation 
d_ 
dí 3 = 1 J 1 = 1 
Due to limited space, their statements are omitted here. 
3. Examples 
In this section we introduce some examples to illustrate our results. 
EXAMPLE 3 .1 . Consider the neutral delay differential equation 
\x{t)- ( - | + s i n t ) x ( t - 7 r ) l + ((>/2 + l ) | - +cost\x(t - | - ) = 0 , t > 0 . 
(3.1) 
Here a = | and 
Q{t)= ( \ /2 + l ) | - + c o s i > 0 for t > 0 
and 
t t 




liminf í Q ( Ő ) ds = 1 > - . 
t—юo 
t-
Then according to Theorem 2.1 and condition (2.1) every solution of equa­
tion (3.1) oscillates. 
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E X A M P L E 3.2. Consider the neutral delay differential equation 
.r(«)-(-|+sint)x(t-7r)] + ( ( V - + \) ^ + coat)x(t- | - ) = 0, t>0, 
(3.2) 
Q(t)= (y/2 + -)— + cost > 0 for t > 0 
а = Ş and 
and 
t 
/ Q(s)ds= / ( v ^ + i ^ + c o s s ds = V2+ - + s i n t + cost . 
t - f t-^ 
Hence 
lim inf / Q(s) dз = -
t-voo J Є 
Then condition (2.1) cannot be applied, but one see that 
t 
limsup / Q(s) ds = 2y/2 + - > l . 
t~ — 
Then, by Theorem 2.1 and condition (2.2), every solution of equation (3.2) os­
cillates. 
The following example is adapted from the example in [17]. 
E X A M P L E 3.3. Consider the neutral delay differential equation 
x(t)- (^+smt)x(t-7r)] + '—=(2a +cost)x(t-?r) =0, t > 0 , 
L \ Z / - c Y 7 r + v 2 \ Z J 
(3-3) 
a - 2 ana a - v(QAe_u , 
Q(t) = —-=(2a + cosť) > 0 for t > 0 





Q(s) ds = / '•—i-(2a + coss) ds . 
J Q7T + V 2 
t— — t— — 
1 2 ^ 2 
liminf / <2(s) ds = — and lim sup / Q(s) ds = 0.6 . 
*-*oo J e <->oo J 
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Then Theorem 2.1 cannot be applied on equation (3.3), but one can see by 
Corollary 2.2, every solution of equation (3.3) oscillates. 
EXAMPLE 3.4. Consider the neutral delay differential equation 
- ( 0 - ( | + s i n t ) s ( t - 7 r ) ] V ( ^ + -- | --)x(«- l ) = 0, t > 0 , (3.4) 
s M i + i+r) 
for t > 0 and 
t 
/ Q ( 5 ) d s = / ( I + ^ ) d 5 = iog i ± I + f 
* - l t-1 
Hence 
liminf / Q(s) ds = -
ť->oo J e 
ť - i 
Then Theorem 2.1 is failed to apply on equation (3.4), but one can see that for 
T> 1 
T , t+1 v T 
JQ{t) lnf e J Q(s) ds\dt = J(l + --i-.) In (in | ± f + ±) dt -> oo 
1 ^ t ' 1 
as T - + o o . 
Then, by Corollary 2.1 every solution of equation (3.4) oscillates. 
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